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We propose a novel experiment to identify the symmetry of superconductivity on the basis of theoretical
results for differential conductance of a normal metal connected to a superconductor. The proximity effect
from the superconductor modifies the conductance of the remote current depending remarkably on the pairing
symmetry: spin-singlet or spin-triplet. The clear-cut difference in the conductance is explained by symmetry of
Cooper pairs in a normal metal with respect to frequency. In the spin-triplet case, the anomalous transport is
realized due to an odd-frequency symmetry of Cooper pairs.
PACS numbers: 74.50.+r, 74.25.Fy,74.70.Tx
The clear distinction between spin-singlet and spin-triplet
superconductors is currently a challenging issue in condensed
matter physics. Several experimental methods can be used for
this purpose: the nuclear magnetic resonance, the muon spin
rotation, the critical magnetic field beyond the Pauli limit, the
Josephson π-junctions, the thermal conductivity, and the de-
tection of multiple-phases by the spin susceptibility and the
specific heat. For instance, the unchanged Knight-shift across
the critical temperature Tc suggests the spin-triplet supercon-
ductivity. This result, however, is not a sufficient condition for
the spin-triplet superconductivity because the spin-singlet su-
perconductivity with the strong spin-orbit coupling may also
explain the unchanged Knight-shift. In addition, the compli-
cated procedure of the data analysis may make the conclusion
unclear. Other experiments also involve such unclear factors.
At present, only a series of different experiments can lead to
the conclusion about the spin-triplet superconductivity as in
the case of Sr2RuO4 [1]. The experimental methods listed
above involve an applied magnetic field. Such experiments
are powerless to analyze the ferromagnetic superconductors
such as UGe2 and URhGe [2] because the magnetic moment
of a superconductor spoils an experimental signal. However
these compounds are undoubtedly promising candidates for
the spin-triplet superconductivity. To find a way out of the
stalemate, one has to use intrinsic phenomena related to the
spin-triplet superconductivity. We address this issue in the
present paper.
In normal-metal/superconductor (NS) junctions, Cooper
pairs penetrate from a superconductor into a normal metal.
This phenomenon is called the proximity effect and is very
sensitive to the pairing symmetry of a superconductor [3, 4,
5, 6]. In junctions with spin-triplet superconductors, Cooper
pairs penetrating into a normal metal have the odd-frequency
symmetry [7]. Although the odd-frequency superconductiv-
ity itself has never been confirmed in any material, the prox-
imity effect involving odd-frequency pairs is currently a hot
topic [7, 8, 9, 10]. The existence of odd-frequency pairs
causes the drastic enhancement of the quasiparticle density of
states (DOS) at the Fermi energy in a normal metal [10, 11].
We will show in this paper that the enhancement of the DOS
can be detected as a zero-bias anomaly in the differential con-
ductance of a proximity structure as shown in Fig. 1. In the
last decade, several authors discussed interesting feature of
the proximity effect on the remote electric current in similar
junctions of s-wave superconductor [12, 13]. We will also
show that the conductance spectra always have a dip structure
around the zero-bias for all spin-singlet superconductor junc-
tions. On the basis of the robustness of the phenomena, we
will conclude that the conductance spectroscopy may serve as
a useful tool to test the spin-triplet superconductivity. This
discussion connects the physics of mesoscopic transport and
that of unconventional superconductivity.
Let us consider the T-shaped junction as shown in Fig. 1.
The bias-voltage eV is applied to the horizontal normal metal
which is connected with two electrodes at x = ±L1. The nor-
mal metal has the third branch which is terminated by a super-
conductor at y = L2. To calculate the conductance of a nor-
FIG. 1: (Color online) Schematic figures of a T-shaped proximity
structure and pair potentials on the Fermi surface.
mal metal, we solve the quasiclassical Usadel equation [14] in
2the Keldysh formalism,
~D∇
{
Gˇ(r)∇Gˇ(r)
}
+ i
[
Hˇ, Gˇ(r)
]
−
= 0, (1)
Gˇ(r) =
(
gˆR(r) gˆK(r)
0ˆ gˆA(r)
)
, Hˇ =
(
ǫτˆ3 0ˆ
0ˆ ǫτˆ3
)
, (2)
where D is the diffusion constant of a normal metal, ǫ is the
energy of a quasiparticle measured from the Fermi level, and
τˆi for i = 1 − 3 are the Pauli matrices. The symbols ˆ· · ·
and ˇ· · · indicate 2 × 2 and 4 × 4 matrices, respectively. In
the following, we solve the Usadel equation in two dimen-
sions. The results are valid also for three-dimensional junc-
tions shown in Fig. 1. We assume that a spin-triplet Cooper
pair consists of two electrons with the opposite spin direc-
tions. This assumption does not break the generality of the
following discussion. The Keldysh Green function can be de-
composed by gˆK = gˆRhˆ−hˆgˆA with hˆ = fL+fT τˆ3, where fL
and fT are the distribution function of a quasiparticle. From
the Keldysh part of Eq. (1), we derive the modified diffusion
equation which describes the kinetics of a quasiparticle in a
normal metal [15, 16],
∇ (DT∇fT ) = 0, (3)
with DT = Tr
(
1− gˆRτˆ3gˆ
Aτˆ3
)
/4. The electric current de-
fined by I = eN0D
∫∞
−∞
dǫ JT can be calculated from the
integration of Eq. (3) along r = (0, 0) to r = (L1, 0),
JT =
FR
L−11
∫ L1
0
dx D−1T
, (4)
where we apply the boundary conditions as
fT (x = L1) = FR =
1
2
{
tanh
( ǫ+
2T
)
− tanh
( ǫ−
2T
)}
(5)
with ǫ± = ǫ±eV/2 and T being a temperature. At x = 0, we
also apply fT = 0. At the cross-point r = (0, 0), the current
conservation low implies
∑
i niGˇ∇iGˇ
∣∣
r=0
= 0, where ni is
the unit vector points to outside of the cross-point [17]. The
retarded part of the Usadel equation is expressed by the usual
θ-parameterization
~D∇2θ(r) + 2iǫ sin θ(r) = 0. (6)
We find the relation DT = cosh2 [Imθ(r)]. The Usadel equa-
tion is supplemented by the boundary condition at r = (0, L2)
which depends on the pairing symmetry of a superconduc-
tor [4, 6, 18],
∂θ(0, y)
∂y
∣∣∣∣
r=(0,L2)
=
ρN
W
〈F 〉
RBTB
, (7)
〈F 〉 =
∫ π/2
−π/2
dγ
TN cos γ(fs cos θ0 − gs sin θ0)
(2 − TN)ξ + TN (gs cos θ0 + fs sin θ0)
, (8)
where TN = cos2 γ/(z20 + cos2 γ), γ is the incident angle
of a quasiparticle measured from the y axis, θ0 = θ(0, L2),
and ρN is the resistivity of a normal metal. The transmission
probability and the resistance of the NS interface are given by
TB =
∫ π/2
0 dγ cos γ TN and RB = [(2e
2/h)(kFW )TB/π]
−1
,
respectively. The Green function in a superconductor de-
pends on γ and the orientation angle α in Fig. 1 as g± =
ǫ/
√
ǫ2 −∆2± and f± = ∆±/
√
∆2± − ǫ
2
, where ∆± =
∆0Ψ(γ±) with ∆0 being the amplitude of the pair potential
at T = 0, γ+ = γ − α and γ− = π − γ − α. The form
factor Ψ(γ) characterizes the pairing symmetry as Ψ(γ) = 1,
cos γ, and cos 2γ for s-, p-, and d-wave symmetries, respec-
tively. In Eq. (7), gs = (g+ + g−), ξ = 1 + g+g− + f+f−,
and fs = (f+ + f−) for the spin-singlet pairing symmetry
and fs = i(f+g− − f−g+) for the spin-triplet one [4, 6]. At
x = ±L1, we impose θ(±L1, 0) = 0. The differential con-
ductance at zero temperature results in
RN
dI
dV
∣∣∣∣
eV
=
[
1
L1
∫ L1
0
dx
cosh2 [Imθ(x, 0)]
]−1∣∣∣∣∣∣
ǫ=eV
, (9)
where RN = 2L1ρN/W is the normal state resistance of the
junction. In what follows, we fix the Thouless energy of a half
horizontal wire Eth ≡ ~D/L21 at 0.04∆0.
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FIG. 2: (Color online) The differential conductance in the p-wave
symmetry in (a) and the chiral p-wave symmetry in (b).
First we discuss the differential conductance of the spin-
triplet p-wave junctions in Fig. 2(a), where RN/2RB = 1,
z0 = 1, and α = 0. The conductance has strong zero-
bias peak. The width of the zero-bias conductance peak
(ZBCP) decreases with increasing L2 because the energy
~D/(L1+L2)
2 characterizes the peak width. Thus one should
fabricate L2 as short as possible to observe the ZBCP in ex-
periments. In what follows, we fix L2/L1 = 0.1. On the other
hand, the height of the ZBCP is independent of L2 as shown
in Fig. 2(a) and follows from the analytic expression of the
zero-bias conductance,
RN
dI
dV
∣∣∣∣
eV=0
=
RN cosα
2RBTB
tanh
(
RN cosα
2RBTB
) . (10)
The amplitude of the ZBCP decreases with the increase of
the orientation angle α and vanishes at α = π/2. This is
3because the proximity effect is absent in a normal metal at
α = π/2 [3, 6]. In the p-wave symmetry case, the ZBCP
can be observed at temperatures below Eth for almost all ori-
entation angles. In Fig. 2(b), we discuss the conductance in
the chiral p-wave symmetry to test realistic junctions involv-
ing Sr2RuO4 [1], where the form factor is given by Ψ(γ) =
cos γ+ i sin γ. The boundary condition in Eq. (8) can be used
with gs = {2g + i(f1+f2− − f2+f1−)}, fs = −{ig(f1+ −
f1−) + f2+ + f2−}, ξ = 1 + g
2 + f1+f1− + f2+f2−, g =
ǫ/
√
ǫ2 −∆20, and f1(2),± = Re(Im)∆±/
√
∆20 − ǫ
2 [11]. In
the chiral p-wave junctions, the peak width is characterized
also by Eth but the zero-bias conductance is approximately
given by Eq. (10) with cosα/TB → 1. In the limit of weak
proximity effect such as RN/2RB = 0.1, the ZBCP becomes
small. In other cases, the proximity effect leads to the clear
ZBCP as in Fig. 2(a). The conductance spectra in Fig. 2(a)
and (b) show qualitatively similar behavior. In spin-triplet
junctions, the boundary condition in Eq. (8) and the Usadel
equation in Eq. (6) at ǫ = 0 yield the pure imaginary value of
θ everywhere in a normal metal. Then the zero-bias anomaly
in the conductance follows mathematically from this fact and
Eq. (9) and therefore is the robust feature of the spin-triplet
superconductors.
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FIG. 3: (Color online) The differential conductance in the spin-
singlet superconductor junctions for s-wave symmetry in (a) and d-
wave symmetry in (b).
Next, let us summarize the differential conductance of the
spin-singlet superconducting junctions in Fig. 3. In Fig. 3(a),
the results for s-wave junctions are plotted for several choices
of RN/2RB at z0 = 0. In contrast to the spin-triplet cases
in Figs. 2, the conductance has the dip structure. In the spin-
singlet junctions, the proximity effect has two contributions
which influence the conductance in an opposite way. The
induced superconductivity in a normal metal tend to assist
the electron transport. On the other hand, the existence of
Cooper pairs decreases the DOS in a normal metal (the so-
called minigap is formed), and this leads to the suppression
of the conductance. These two effects exactly cancel each
other at eV = 0 [13]. The positive contribution to the con-
ductance due the proximity effect decays in power low of eV ,
whereas the negative contribution decays exponentially [13].
Thus the proximity effect slightly enhances the conductance
around eV ∼ Eth and the conductance spectra show the dip
structure as shown in Fig. 3 [12, 13]. The degree of the en-
hancement depends on the strength of the proximity effect
(RN/2RB) and is typically of the order of percent as shown
in (a). The characteristic behavior of the conductance is in-
sensitive to z0. In Fig. 3 (b), we show the conductance in the
d-wave symmetry for several choices of the orientation angle
α, where z0 = 0 and RN/2RB = 1. At α = 0, the con-
ductance shows the dip structure near the zero-bias as well
as those in the s-wave junctions. The dip structure gradually
disappears with the increase of α. The conductance spectra
become completely flat at α = π/4 because the proximity
effect is absent in a normal metal [3, 4]. In contrast to the
spin-triplet junctions, Eqs. (6) and (7) at ǫ = 0 always yield
real value of θ for all spin-singlet junctions. This fact math-
ematically explains the cancellation of the two contributions
of the proximity effect at eV = 0 because Eq. (9) results in
dI/dV = R−1N for real θ. Thus the dip structure around the
zero-bias in the conductance spectra is the robust feature of
the spin-singlet superconductor junctions. This conclusion is
valid only for the T-shaped junction in which a superconductor
is away from the current path. In usual quasi one-dimensional
NS junctions, the proximity effect causes the ZBCP in the s-
wave symmetry [19].
Here we explain the reasons of the zero-bias anomaly in the
spin-triplet junctions. Since electrons obeys the Fermi statis-
tics, the pairing function of a Cooper pair satisfies the relation
fσ,σ′(k, ǫ) = −fσ′,σ(−k,−ǫ), (11)
where σ and σ′ are the spin of the two electrons, k depen-
dence of pairing function is the characterizes the symmetry of
the orbital part. According to the relation, the Cooper pair in
a superconductor is classified into the spin-singlet even-parity
and the spin-triplet odd-parity symmetry classes. The inter-
change of spin (i.e., σ ↔ σ′) and k → −k give rise to the
negative sign on the right hand side of Eq. (11) in the for-
mer and in the latter, respectively. In a normal metal, only
s-wave pairs are allowed irrespective of an original pairing
symmetry in a superconductor because of the diffusive im-
purity scattering. In the p-wave junctions, the spin-triplet s-
wave Cooper pairs penetrate into a normal metal. To satisfy
Eq. (11), such Cooper pairs acquire the odd-frequency sym-
metry property (i.e., fσ,σ′(k, ǫ) = −fσ,σ′(k,−ǫ)). The most
important feature of the odd-frequency pairs is the enhance-
ment of the quasiparticle DOS at ǫ = 0 [10, 11]. This feature
is in contrast to the usual proximity effect in the spin-singlet
junctions. Thus the proximity effect always increases the con-
ductance in the spin-triplet junctions. In addition to this, the
DOS at ǫ = 0 becomes large because of the midgap Andreev
resonant state (MARS) [20, 21]. The large DOS at the Fermi
energy is interpreted as the penetration of the MARS from a
superconductor into a normal metal [5, 6]. Thus the ZBCP
in Fig. 2 reflects the peak structure of the DOS in a normal
metal. The effects of MARS in the chiral p-wave symmetry
are weaker than those in the p-wave symmetry because only
quasiparticles with γ = 0 contribute to the MARS. Thus the
4zero-bias conductance in the chiral p-wave junction is smaller
than that in the p-wave as shown in Fig. 2. The odd-frequency
symmetry compensates the symmetry change of the orbital
part from the odd-parity symmetry in a superconductor to
the s-wave symmetry in a normal metal. Therefore we con-
clude that the ZBCP is expected in the T-shaped junctions of
all spin-triplet superconductors independent of detailed struc-
tures in d-vector.
Finally we propose a new experiment to discriminate the
symmetry of a superconductor. The proximity effect on the re-
mote current causes the clear-cut difference between the con-
ductance spectra of the spin-triplet junctions and those in the
spin-singlet ones as shown in Figs. 2 and 3. Therefore the
T-shaped junction can serve as a superconducting symmetry
detector. In addition, the present proposal has several advan-
tages compared to the previous proposals [5, 6] with respect to
resolving the low energy transport . First, to observe the char-
acteristic conductance spectra at |eV | . Eth, it is necessary
to suppress the influence of undesired scattering due to defects
and/or localized states at the NS interface because the tunnel-
ing conductance is extremely sensitive to the interface quality.
The tunneling current through such states easily washes out
the expected conductance signals. In fact, the bad interface
quality damages the subgap tunneling spectra of Sr2RuO4.
The conductance of the T-shaped geometry, however, is rather
insensitive to the interface quality because the current does
not flow through the NS interface. Second, within the present
technologies it is difficult to realize small and highly transpar-
ent NS junctions for observing the Josephson current. This is
because the unconventional superconductors are usually syn-
thesized as bulk materials and are not suitable for microfab-
rication. The T-shaped junctions, however, requires the mi-
crofabrication only on the normal metal (not on a supercon-
ductor). Thus the T-shaped junctions are accessible within the
present technique. Finally the proposed experiment can test
the ferromagnetic superconductors because the measurement
of the conductance spectra does not require external magnetic
field. For these reasons, we conclude that the T-shaped junc-
tions would be a powerful tool to test the symmetry of super-
conductors.
In conclusion, we have studied the conductance spectra
of T-shaped superconductor junctions. The proximity effect
on the remote current modifies the low energy transport de-
pending remarkably on the symmetry of superconductors. In
the case of the spin-triplet superconductors, the conductance
shows the zero-bias anomaly. The odd-frequency Cooper
pairs in a normal metal cause the anomaly and the midgap
Andreev resonant states support the robustness of this dras-
tic effect. In contrast to the spin-triplet case, the conductance
spectra in the spin-singlet junctions always show the dip struc-
ture around the zero-bias. On the basis of the calculation re-
sults, we have proposed a new experimental method to detect
spin-triplet superconductivity and have discussed the advan-
tages of the method.
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